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Def A sheaf of Ox modules F on a scheme X is

quasient if X has an open affine cover by
Ui SpecAi s t for each i there is an Ai module

Mi such that flu MT F is coWrent if

there exists a cover so that each Mi is finitely
generated

Ex let i Y X be a closed immersion Then the

kernel of Ox ixOy is a sheaf of ideals Iy
called the ideal sheaf of the closed subscheme Y

For each open affine U SpecA EX V i U SpecB

must be affine and I u ku A B which is

the ideal defining the subscheme U We'll

see later that ideal sheaves are quasicoherent

nagato

If A is a ring we now see that M M is a functor

from A modules to quasi coherent sheaves on SpecAum

we'll see that this is an equivalence of categories

First note that for F quasi coherent on X SpecA



we can take a cover by subsets of the form
f SpecB s t FIVE Mn Which can then be covered

by open sets Dcg

The inclusion D g E V corresponds to the ring map
B Ag Thus FlDg M BAg so we can replace
the open cover by a cover of distinguished open sets
Since affine schemes are quasicompact we can choose

only finitely many So

X D g U UD ga s t

FlDigi Ri for some Agi module Nii

The following lemma applies familiar properties of

localization

quasiLemina let X SpecA I a coherent sheaf on X and fcA

a If se f X F s t S O E Delft then for some

h 0 f s O

b For any te F DHI there is some n o s.t tht
extends to a global section of F

PI a Let set X I with 51pct O



For each i set Si SIpeg where DCgi form the

finite cover described above

Dcf ND g D fyi X specA

im
oinimin

f si O for some u so Dlgi
we can choose h 0 So that

it works for every i

Thus f s restricts to 0 on every open set in an

open coven so f s 0

b let te F Dlf Again we can restrict it to

each Dctgi and get t c Milf

Thus f t tie Mi for some n Again we can

choose it to work for every h

On the overlap DCgi hDCgj Dlg gj we have

two sections ti tj which agree on DCgigjf
where they both are fat

Thus applying a to Dlg gj we have a section ti tj



Which is zero on D gigot so f m ti tj O on

D gigj for some in Choose Ms 0 so that it works

for all pairs i j

Then fmti and fmtg agree on the overlap so there

is some global section s of F whose restriction to

D t is fmfht fmtnf.IT

Now we show that if a sheaf on any scheme is

quasi coherent it'll restrict to some M on eevrey

open affine not just for some open cover In

particular on an affine scheme any quasicoherent
sheaf is of the form NT

Pep X a scheme An Ox module F is quasi
coherent rf and only if for query open affine
U SpecA there's an A module M sit FlueM

PI follows by definition so let 7 be

quasi coherent and U SpecA open

Just as above we can find a basis for the topology
on X consisting of open affines sit the restriction
of F to each one is the sheaf associated to a

module



In particular U is the union of such open sets
so Flu is quasi coherent so we can reduce to

the case X SpecA is affine and let M TH F

We define a map x Mn F by describing it on

distinguished opensets

If FEA let tem DH Mf Then f t c M f X I
so let s c ICD ft be the image of tht

Define 4 t ft S check that this commutes w

restriction so that it defines a morphism

F is quasi coherent so we can cover X by open
sets DCgi w 71mg Mi for some Agi module
Mi So we get a map

HDlgil Mg Mi
If O a c M then the restriction of ae FGi
to Mi is 0 so the Iemma says Gina 0 for some
u so 4gim O

If t E Mi then the Iemma says gint EM for some

u so g git cMg maps to t



Thus 4 induces an isomorphism Mg E Mi so

Hagi is an isomorphism Since the Dcg cover

X d is an isomorphism D

Remarki If X is Noetherian then F is comment the

same is true as above only M is a finitelygenerated
A module

Cer let X specA The functor MAN gives an

equivalence of categories between f g A modules
and quasi coherent coherent Oxmodules It's

inverse is Its X t

The global sections functor is left exact for any
sheaf Given some additional hypotheses on affine
schemes it is exact

Pep If X is an affine scheme and

o I I F 0

an exact sequence of Ox modules with F quasi
coherent the sequence

0 X t CX F VX t o

is exact



Rf Similar techniques to those used above see

Hartshorne We'll also be able to prove this easily
once we have cohomology by showing H X F O

in this case

M liesd quasi cohemtswa.ve
X Y schemes f X Y morphism
1 Kev Coker im preserve quasi coherence

2 if o I I F 0 is short exact and

e e
quasi coherent

Then I is quasi J coherent

3 G quasi coherent f G quasiJcoherent

4 If X is Noetherian or f quasicompact and separated

then I quasi coherent f F quasi coherent

Note If F is coherent 5 7 may not be even in

good circumstances

Ex let k kCx and f ftp Speck the corresponding
Specmap Then Gq is coherent on 1A but

f Qµ kCx on Speck But KAT is not a

finitely generated kmodule



Idealsheaves

let iY X be a closed immersion Recall that the

iaf of 4 is

I Kev ix Q

As we alluded to above we have the following

Pep let Y be a closed subscheme of a scheme X

Then Iy is quasi coherent on X X Noetherian

dy coherent

Ef The inclusion i Y X is quasi compact any
preimage of an affine open is again altine and

thus quasi compact It's also a closed immersion so

it's separated Thus i Oy is quasi coherent so

Ix is the kernel of a morphism of quasi coherent

sheaves so it's quasi coherent

If X is Noetherian then for any open affine
U SpecA EX A is Noetherian Since Iy is
quasicoherent Iy u

I for I f U Iy u EA
which is finitely generated so I is coherent D



Moreover any quasi coherent sheaf of ideals IEis
the ideal sheaf of a unique closed sub scheme of X

Cer If X SpecA there's a l 1 correspondence between

ideal IEA and closed subschemes Y of X

Rf If FE is a quasi coherent sheaf of ideals
we know F I I C A an ideal

If I C A an ideal then I EAT_Ox is a

quasi coherent sheaf of ideals and is thus the

ideal sheaf of the closed sub scheme SpecfAII X D


